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Abstract
Let (M,g) be a complete simply-connected Riemannian manifold with nonpositive curvature, k its
scalar curvature, and K a smooth function on M . We obtain a nonexistence result of complete metrics
on M conformal to g and with K as their scalar curvature.
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1. Introduction
This paper is about the following well-known problem:
Let M be a C∞ complete Riemannian manifold with metric g, for a given function
K ∈ C∞(M). Can we find a complete metric g¯ on M such that g¯ is a conformal metric
of g and K is the scalar curvature of g¯?
Here by a conformal metric g¯ of g we mean that g¯ = ρg for some positive function ρ on M .
If n = dim(M)  3, we write g¯ = u4/(n−2)g for some u > 0 on M , then this problem is
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cn∆u− ku + Kuσ = 0 (1)
such that the metric g¯ = u4/(n−2)g is complete (in this case we call the solution u is com-
plete), where cn = 4(n − 1)/(n − 2), σ = (n + 2)/(n − 2), ∆u is the Laplacian of u with
respect to the metric g, and k denotes the scalar curvature of the metric g.
If M is compact and K = constant, the above problem is just the famous Yamabe prob-
lem which has been completely resolved by Scheon [14]. The case that M is noncompact
and complete has drawn many mathematicians’ attention in recent years and some progress
has been made (see [1,2,6–13], etc). This paper is just about the noncompact case.
The main results of this paper are Theorems 2 and 3 in Section 3. In Theorem 2 we
give an a priori estimate of the positive solution of Eq. (1), and in Theorem 3 we obtain a
nonexistence result of complete metrics on M conformal to g and with K as their scalar
curvature. On Riemannian manifolds, some other authors also gave the nonexistence re-
sults (see [7,9]), but they usually assumed that, besides other restrictions on curvatures,
the Ricci curvature is bounded from bellow by −A2 for some positive constant A. But our
result need no such a condition.
Throughout this paper all manifolds are assumed to be C∞ complete simply-connected
Riemannian manifolds without boundary. Mq will denote the tangent space to M at q ∈ M .
2. Preliminaries
In this section we give some notations and conventions.
By a CH manifold (or Cartan–Hadamard manifold) we mean a complete simply-
connected C∞ Riemannian manifold of nonpositive sectional curvature (see [5]). This
term comes from the well-known Cartan–Hadamard theorem which asserts that at each
point x of a CH manifold M , the exponential mapping expx :Mx → M is a diffeomorphism
(see [5]). Then for a fixed point o ∈ M , the geodesic distance function r = r(x) ≡ dist(o, x)
(x ∈ M) from o is C∞ on M − {o}, and any geodesic γ : [0,∞) → M parametrized by ar-
clength with γ (0) = o is a ray emanating from o (see [5]).
Given a CH manifold M and a fixed point o ∈ M , we say that M is strongly symmetric
around o iff every linear isometry φ :Mo → Mo is realized as the differential of an isometry
Φ :M → M , i.e., Φ(o) = o and Φ∗(o) = φ, where Φ∗(o) denotes the differential of Φ
at o. The Euclidean space Rn and the hyperbolic space forms Hn are examples of strongly
symmetric manifolds. There is a detailed discussion about strongly symmetric manifold
in [5] (where they use the term “model” instead of our “strongly symmetric manifold”).
From now on in this paper, we assume that M is an n-dimensional strongly symmetric
CH manifold around o with metric g for a fixed point o ∈ M .
A function f (x) on M is said to be radially symmetric around o iff f (x) = f (x˜) pro-
vided that r(x) = r(x˜), for any x, x˜ ∈ M , i.e., u depends only on r . The scalar curvature
function k of M is radially symmetric around o since M is strongly symmetric around o.
Let (M,ϕ,x) be a global normal coordinate neighborhood around o. That is, there
is an orthonormal basis {ej , j = 1, . . . , n} of Mo such that ϕ :M → Rn, q ∈ M →
x = (x1, . . . , xn) ∈ Rn, exp−1o (q) =
∑
j x
jej . Now the polar coordinates (r, θ) (θ =
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will be called the (geodesic) polar coordinates around o.
In the polar coordinates, by means of the well-known Gauss lemma (see [4]), the metric
g can be expressed by (see [5])
ds2 = dr2 +
∑
i,j
dij dθ
i dθj = dr2 + h(r)2 dΘ2 (2)
on M −{o}. Here dij = g(∂/∂θi , ∂/∂θj ) and dΘ2 denotes the canonical metric on the unit
sphere of Mo. h depends only on r but not on θ since M is strongly symmetric around o.
Let Sr be the geodesic sphere of M with center o and radius r . Then the Riemannian
volume element of Sr can be written as
dSr =
√
D(r, θ) dθ1 . . . dθn−1, (3)
where D ≡ det(dij ). We will denote by V (r) the volume of Sr .
If u is a C2 radially symmetric function around o, then a simple computation shows that
∆u = 1√
D
∂r(
√
D∂ru). (4)
In particular,
∆r = 1√
D
∂r(
√
D) = ∂r log
√
D. (5)
So we have
∆u = u′′ + (∆r)u′, (6)
where u′ ≡ du/dr , u′′ ≡ d2u/dr2.
Let M be a strongly symmetric CH manifold around o. Then we can define a scalar
product operation η as follows:
η : R × M → M, (t, (r, θ)) → (tr, θ). (7)
We always write η(r, x) = rx .
3. Main results
The purpose of this section is to give the main results in this paper: an a priori estimate
of the positive solutions of Eq. (1) and a nonexistence result for the complete conformal
metrics.
Lemma 1. If M is strongly symmetric around o, then
lim
r→0 r∆r = n − 1. (8)
Proof. We know that
V (r) =
∫ √
D(r, θ) dθ1 . . . dθn−1 =
2π∫ π∫
. . .
π∫ √
D(r, θ) dθ1 . . . dθn−2 dθn−1,Sr 0 0 0
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V ′(r) =
2π∫
0
π∫
0
. . .
π∫
0
∂r
√
D√
D
√
Ddθ1 . . . dθn−2 dθn−1 = V (r)∆r.
Hence
∆r = V
′(r)
V (r)
= ∂r logV (r). (9)
On the other hand (see [3, p. 256]),
V (r) =
∫
S(1)
rn−1J (r, θ) dθ0, (10)
where S(1) denotes the unit sphere of Mo (here consider M0 as an inner product space
with inner product defined by the restriction of g to o), dθ0 its volume element and J (r, θ)
the Jacobian of expo at (r, θ) (see [3, pp. 253–256]). But J depends only on r since M is
strongly symmetric around o, thus
V (r) = rn−1J (r)ωn,
where ωn denotes the volume of S(1). Hence
lim
r→0 r∆r = limr→0 r∂r logV (r) = n− 1. 
Let f be a positive continuous function on M and let τ > 0, define
f˜τ (r) ≡ 1
V (r)
∫
Sr
f τ dSr = 1
V (1)
∫
S1
[
f (rξ)
]τ
dS1 (ξ ∈ S1) (11)
(the second equality is by the second equality of (2)), and
˜˜
f (r) ≡
{
V (r)∫
Sr
1√
f
dSr
}2
. (12)
In the following, for the sake of simplicity, we always write u˜2/(n−2) ≡ u˜, that is
u˜(r) = 1
V (r)
∫
Sr
uα dSr = 1
V (1)
∫
S1
[
u(rξ)
]α
dS1, (13)
where α = 2/(n− 2).
Theorem 2 (An a priori estimate). Let M be an n-dimensional strongly symmetric CH
manifold around o with metric g and with scalar curvature k. Let K ∈ C∞(M) and K > 0.
Suppose that n  4 and that u is a C2 positive solution of Eq. (1) on M , then u˜ satisfies
the following inequality:
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2
1 + V (1)
n−1
∫ r
1
1
V (s)
∫ s
1 {|k(t)| + ˜˜K(t)}dt ds
(14)
for any r  1, where β = max{1, u˜(0)} (note that u˜(0) = u2/(n−2)(o)).
Proof. Step 1. We first prove that u˜(r) is nonincreasing.
According to (13), for any r > 0, we have
u˜′(r) = 1
V (1)
∫
S1
αuα−1(rξ)∂u
∂r
(rξ) dS1 = α
V (r)
∫
Sr
uα−1 ∂u
∂r
dSr
= 1
V (r)
∫
Sr
∂r (u
α) dSr .
Thus for r > 0,
u˜′(r)V (r) =
∫
Sr
∂r (u
α) dSr . (15)
Let R > r  0, define
Ω(r,R) = {x ∈ M | r  dist(o, x)R}, Ω(R) = Ω(0,R). (16)
Let dµ be the volume element of the metric g. Now for R > r > 0, by use of the divergence
theorem and (15) we obtain∫
Ω(r,R)
∆(uα) dµ =
∫
SR
∂r(u
α) dSR −
∫
Sr
∂r (u
α) dSr (17)
= u˜′(R)V (R) − u˜′(r)V (r) (18)
and ∫
Ω(R)
∆(uα) dµ =
∫
SR
∂r (u
α) dSR = u˜′(R)V (R). (19)
On the other hand, for R > r  0,
∫
Ω(r,R)
∆(uα) dµ =
R∫
r
∫
St
∆(uα) dSt dt. (20)
Then we have
u˜′(0) = lim
R→0 u˜
′(R)
= lim
R→0
∫ R
0
∫
St
∆(uα) dSt dt
V (R)
(by (19) and (20))
= lim
∫
SR
∆(uα) dSR
′ (by l’Hoˆpital’s rule)R→0 V (R)
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R→0
R
(n − 1)V (R)
∫
SR
∆(uα) dSR (by (9), Lemma 1)
= lim
R→0
R[∆uα](ζ )V (R)
(n− 1)V (R) (for some ζ ∈ SR)
= 0. (21)
For r > 0, (18) and (20) yield
[
u˜′(r)V (r)
]′ = ∫
Sr
∆(uα) dSr . (22)
From the definition of Laplacian and the assumption that n 4, we have
∆uα = 1√
G
∑
j,k
[
∂
∂xj
(gjk
√
G)
∂uα
∂xk
+ gjk√G ∂
2uα
∂xj∂xk
]
= αuα−1∆u + α(α − 1)uα−2|∇u|2  αuα−1∆u
= α
cn
{kuα −Ku3α} 0, (23)
where gij ≡ g(∂/∂xi, ∂/∂xj ), (gij ) ≡ (gij )−1, and G ≡ det(gij ). Thus from (22) we see
that [
u˜′(r)V (r)
]′  0
for r > 0. This means that u˜′(r)V (r) is nonincreasing. Thus,
u˜′(r)V (r) u˜′(0)V (0) = 0
and hence u˜(r) is nonincreasing.
Step 2. We now prove that u˜(r) satisfies the following inequality:
cn
α
∆u˜(r) − k(r)u˜(r) + ˜˜K(r)u˜3(r) 0. (24)
In fact, from
∆u˜ = u˜′′ + (∆r)u˜′,
and (22), we have∫
Sr
∆(uα) dSr =
[
u˜′(r)V (r)
]′ = V (r){u˜′′(r) + V ′(r)
V (r)
u˜′(r)
}
= V (r){u˜′′(r) + (∆r)u˜′(r)}= V (r)∆u˜(r). (25)
Then, by use of (23), we obtain
∆u˜(r) = 1
V (r)
∫
∆(uα) dSr 
1
V (r)
∫
α
cn
{kuα − Ku3α}dSr . (26)Sr Sr
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we obtain
∆u˜(r) − α
cn
k(r)u˜(r) + α
cnV (r)
∫
Sr
Ku3α dSr  0. (27)
By Hölder’s inequality,(∫
Sr
uα dSr
)3

(∫
Sr
Ku3α dSr
)(∫
Sr
1√
K
dSr
)2
.
Then we get
1
V (r)
∫
Sr
Ku3α dSr  ˜˜K(r)u˜3(r). (28)
Combining this with (27) we obtain (24).
Step 3. Now we complete the proof of the theorem.
Let u = u˜/β . Then u  1 and by (24), it is easy to see that u satisfies the following
inequality:
cn
α
∆u(r) − k(r)u(r) + ˜˜K(r)u3(r) 0. (29)
Integrating both sides on Ω(R), we obtain
cn
α
∫
Ω(R)
∆u(r) dµ
∫
Ω(R)
{
k(r)u(r) − ˜˜K(r)u3(r)}dµ.
By use of the divergence theorem we get∫
Ω(R)
∆u(r) dµ = u′(R)V (R).
Now we see that for any R  1,
−cn
α
u′(R)V (R)
∫
Ω(R)
{∣∣k(r)∣∣u(r) + ˜˜K(r)u3(r)}dµ

∫
Ω(1,R)
{∣∣k(r)∣∣u(r) + ˜˜K(r)u3(r)}dµ

∫
Ω(1,R)
{∣∣k(r)∣∣+ ˜˜K(r)}u3(r) dµ
=
R∫ {∣∣k(r)∣∣+ ˜˜K(r)}u3(r)V (r) dr1
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R∫
1
{∣∣k(r)∣∣+ ˜˜K(r)}dr.
Therefore
−2u
′(R)
u3(R)
 V (1)
(n− 1)V (R)
R∫
1
{∣∣k(r)∣∣+ ˜˜K(r)}dr,
that is
{
1
u2(R)
}′
 V (1)
(n− 1)V (R)
R∫
1
{∣∣k(t)∣∣+ ˜˜K(t)} dt.
Integrating both sides from 1 to r (r  1), we have
1
u2(r)
− 1
u2(1)
 V (1)
n− 1
r∫
1
1
V (R)
R∫
1
{∣∣k(t)∣∣+ ˜˜K(t)}dt dR.
Hence
1
u(r)2
 1
u2(1)
+ V (1)
n− 1
r∫
1
1
V (R)
R∫
1
{∣∣k(t)∣∣+ ˜˜K(t)}dt dR
 1 + V (1)
n − 1
r∫
1
1
V (s)
s∫
1
{∣∣k(t)∣∣+ ˜˜K(t)} dt ds.
This gives (14) and we complete the proof of the theorem. 
Theorem 3. Let M be an n-dimensional strongly symmetric CH manifold around o with
metric g. Let k be the scalar curvature of g and K ∈ C∞(M). Suppose that n  4 and
K > 0. If
∞∫
1
V (r) dr{
1 + V (1)
n−1
∫ r
1
1
V (s)
∫ s
1 [|k(t)| + ˜˜K(t)]dt ds
}1/2 < ∞, (30)
then Eq. (1) has no complete positive C2 solutions, and hence there is no complete metric
on M conformal to g and with scalar curvature K .
Proof. Let u be a C2 positive solution of Eq. (1). Then, by Theorem 2, u˜ satisfies
u˜(r) β{
1 + V (1) ∫ r 1 ∫ s{|k(t)| + ˜˜K(t)}dt ds}1/2 .n−1 1 V (s) 1
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∞∫
1
∫
Sr
uα dSr dr =
∞∫
1
V (r)u˜(r) dr < ∞. (31)
On the other hand, by the Laplacian comparison theorem (see [5, p. 26]) (comparing with
the n-dimensional Euclidean space Rn), we have
∆r ∆0r = n− 1
r
for r > 0, here ∆0 denotes the Laplacian of Rn. Combining this with (9) we obtain that
V ′(r) > 0 for r > 0 and hence V (r) is increasing. Thus we have (let ξ ∈ S1)
lim
R→∞
∫
S1
R∫
1
uα(rξ) dr dS1 =
∞∫
1
∫
S1
uα(rξ) dS1 dr =
∞∫
1
V (1)
V (r)
∫
Sr
uα(rξ) dSr dr

∞∫
1
∫
Sr
uα(rξ) dSr dr < ∞.
Since S1 is compact, this implies that there is some ξ0 ∈ S1 such that
∞∫
1
uα(rξ0) dr < ∞. (32)
That is, for the metric u4/(n−2)g, the ray c(r) = rξ0 (r  1) has finite length. Thus the
metric u4/(n−2)g is not complete. We are done. 
Example 4. Consider Rn. Let Sn−1 be the unit sphere with center O (the origin of Rn).
For any x ∈Rn, let (r,Θ) be the polar coordinate of x , that is, x = rΘ , where r ∈ [0,∞),
Θ ∈ Sn−1. Denote by dΘ2 the canonical metric on Sn−1. Define a Riemannian metric g
on Rn by
ds2 = dr2 + h(r)2 dΘ2,
where h(r) ≡ r(r2 + 1) which satisfies
h(0) = 0, h′(0) = 1, h′′ = 6
r2 + 1h.
Let N denote the Riemannian manifold Rn with metric g. Then a standard theory of
strongly symmetric manifold (see [5, Proposition 4.2]) shows that N is a strongly sym-
metric manifold around O with radial curvature function (that is, the sectional curvature
function restricted to the planes tangent to the rays emanating from O)
κ = − 62 .r + 1
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hence N is a CH manifold. It is easy to compute
V (r) = ωn
[
r(r2 + 1)]n−1,
where ωn is the volume of Sn−1. Let K(r,Θ) be a positive C∞ function on N such that
K(r,Θ) Cr9n−6 for r  a, where C > 0 and a  1 are constants. With the same nota-
tions as before, we have
˜˜
K(r) =
{
V (r)∫
Sr
1√
K
dSr
}2
 Cr9n−6
for r  a. Let k be the scalar curvature of N . Then, for r > a, we can estimate
r4V (r)2
1 + V (1)
n−1
∫ r
1
1
V (s)
∫ s
1 [|k(t)| + ˜˜K(t)]dt ds
 r
4V (r)2
V (1)
n−1
∫ r
a
1
V (s)
∫ s
a
˜˜
K(t) dt ds
 (n − 1)r
4V (r)2
CV (1)
∫ r
a
1
V (s)
∫ s
a
t9n−6 dt ds
.
On the other hand, by the l’Hôpital’s rule we have
lim
r→+∞
r4V (r)2∫ r
a
1
V (s)
∫ s
a t
9n−6 dt ds
= lim
r→+∞
2r3V (r)2[2V (r) + rV ′(r)]∫ r
a
t9n−6 dt
= lim
r→+∞
{2r3V (r)2[2V (r) + rV ′(r)]}′
r9n−6
= 0.
Thus we obtain
lim
r→+∞
r2V (r){
1 + V (1)
n−1
∫ r
1
1
V (s)
∫ s
1 [|k(t)| + ˜˜K(t)]dt ds
}1/2 = 0.
Then
∫∞
1 (1/r
2) dr < ∞ implies (30) by the limit comparison test for improper integral. It
follows from Theorem 3 that if n 4, there is no complete metric onRn conformal to g and
with scalar curvature K . Note that this fact can not be obtained from other authors’ previous
papers. For example, Jin [7] assumes that all the sectional curvatures  −B2 for some
constant B > 0. But in this example, the radial curvature function κ = −6/(r2 + 1) → 0
as r → ∞.
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